PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: July 26, 2007
ACCEPTED: August 21, 2007
PUBLISHED: September 3, 2007

Kappa-symmetry and coincident D-branes

Paul Howe,“ UIf Lindstrom®? and Linus Wulffe

@ Department of Mathematics, King’s College,

Strand, London, WC2R 2LS, U.K.

b Department of Theoretical Physics,

Box 803, SE-751 08, Uppsala, Sweden

¢HIP-Helsinki Institute of Physics, University of Helsinki,

P.O. Box 64 FIN-00014, Suomi-Finland
YNORDITA,

Roslagstullsgatan 23, SE-106 91 Stockholm, Sweden
¢ Dipartimento di Fisica “Galileo Galilei”, Universita degli Studi di Padova & INFN,
Sezione di Padua, via F. Marzolo 8, 35131 Padova, Italia

E-mail: paul .howe@kcl.ac.ul, U1f.Lindstrom@teorfys.uu.sd, [Linus@physto.sdq

ABSTRACT: A kappa-symmetric action for coincident D-branes is presented. It is valid in
the approximation that the additional fermionic variables, used to incorporate the non-
abelian degrees of freedom, are treated classically. The action is written as a Bernstein-
Leites integral on the supermanifold obtained from the bosonic worldvolume by adjoining
the extra fermions. The integrand is a very simple extension of the usual Green-Schwarz
action for a single brane; all symmetries, except for kappa, are manifest, and the proof of
kappa-symmetry is very similar to the abelian case.

KEYWORDS: [D-branes, Supersymmetric Effective Theoried.

© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep092007010/jhep092007010 .pdf


mailto:paul.howe@kcl.ac.uk
mailto:Ulf.Lindstrom@teorfys.uu.se
mailto:linus@physto.se
http://jhep.sissa.it/stdsearch

Contents

. Introduction

1=

5

2. The geometrical framework
B The field h,”
3 Some useful torsion components

=3 1 [

B. The action
B.] The DBI term
B.4d The Wess-Zumino term

Ol 3@

Kappa-symmetry

Discussion

E

1. Introduction

The dynamics of a set of coincident D-branes is an intriguing problem in string theory.
It involves a non-abelian version of Dirac-Born-Infeld theory as well as non-commutative
geometrical ideas. There have been many papers written on the topic from various points
of view, although a completely satisfactory theory has not emerged as yet. In this paper,
we follow up an approach developed in two previous papers [l], P in which we made use of
the idea that the Chan-Paton factors for open strings can be described mathematically by
boundary fermions living at the ends of the string [J—[f]. In our first paper we looked at
what happens when one demands kappa-symmetry for an open superstring with boundary
fermions and found that it implies that the dynamics of the brane on which the string ends
is described by a generalised superembedding, where the super worldvolume of the brane is
extended by a set of additional odd coordinates corresponding to the boundary fermions.
There is an abelian gauge field on this space which gives rise to a non-abelian one when
expanded out in the additional fermi coordinates. The requirement of kappa-symmetry
leads to constraints on the superembedding and the gauge field strength which generalise
those for a single brane ([, §] and which imply the equations of motion for the brane
system. In the second paper, we presented an action for a bosonic brane with additional
fermi variables and showed that it is invariant under diffeomorphisms of the extended
worldvolume and under gauge transformations of the target space RR potentials. We also
showed how one could derive the Myers action [§[L]] by first going to the physical gauge,
quantising the fermions naively, thereby converting functions of fermions into matrices,
and by replacing the fermi integral with the symmetrised trace. The current paper can



be thought of as a synthesis of the previous two in that here we discuss an action for
supersymmetric coincident branes, again in the approximation of classical additional fermi
variables. We write this action as a Bernstein-Leites integral [[4] over the extension of the
bosonic worldvolume, M\o. This formalism seems to be perfectly suited to this problem
and allows us to write down an action which is manifestly invariant under diffeomorphisms
of Z/\Zo and under symmetries of the target space, unlike our previous action for bosonic
branes. It is also straightforward to prove that it is kappa-symmetric. Indeed, the action
is a very natural generalisation of the usual Green-Schwarz action for a single D-brane and
gives a very nice a posteriori justification for the Myers action. A preliminary version of
the proof of kappa-symmetry given here, based on our old formalism, was given in [[L3].

The paper is organised as follows: in section 2 we review some results from the su-
perembedding formalism which we shall need for our proof of kappa-symmetry; in section 3
we present the Dirac-Born-Infeld and Wess-Zumino parts of the action as Bernstein-Leites
integrals and in section 4 we prove that the sum of these two terms is kappa-symmetric.
We summarise our results in section 5 and discuss how our formalism might be developed
further and how it relates to various other approaches in the literature.

2. The geometrical framework

As discussed in [fl] the geometry of coincident superbranes, in the approximation of treating
the boundary fermions classically, is described by a generalised superembedding f: M —
M from the extended superworldvolume M to the target superspace which we shall take
to be that of on-shell IIB supergravity in this paper. This is a generalisation of the usual
superembedding formalism for single branes. The Green-Schwarz action for the dynamics
of this system will be given as an integral over ]\//_70, where M (coordinates x™) is the body
of the super worldvolume M (coordinates M = (2™, 6")). The spaces M, (coordinates
™ = (2™, €M) and M (coordinates 2™ = (2™, £7)) are obtained from My and M by
adjoining a set of ¢ additional fermionic variables £# which arise from boundary fermions
on the string.! The various worldvolume spaces are related as follows:

—

M — M

(I (2.1)
MO — MO

where horizontal arrows indicate extension with additional fermionic variables ¢# repre-
senting the boundary fermions, and vertical arrows indicate addition of supersymmetry,
i.e., adding 6*. The corresponding diagram for the coordinates is

(M) = (@™, 0") — (M, &) = (a™, 01, &")

7 1 (2.2)

(™) = (M) ="

IThere is a slight change of notation compared to our previous papers; the boundary fermions are
denoted £* instead of n”. Hatted indices indicate standard ones extended by these fermions.



All of the above spaces, as well as the target superspace, are equipped with preferred bases
in the tangent spaces which will be denoted by letters from the beginning of the alphabet;
thus the preferred basis forms on M are EA = (E*, E*, E%), while those of M are denoted
FA = (B2, E2). To avoid confusion we shall use small letters for the bases of My and My;
thus the preferred basis forms of the latter space are denoted e® = (&2, e%).

The geometry of the tangent bundle of M is chosen such that it splits invariantly into
three corresponding to the three types of indices. Thus the structure group has the usual
superspace type (spin group times internal symmetry group) in the (E%, E%) sector while
it is taken to be SO(q) in the E% sector, where ¢ is the number of boundary fermions. We
introduce connections (€2) and covariant derivatives (V) and define the torsion (7") and
curvature forms (R) in the usual way. In addition there is an abelian gauge field A with
corresponding field strength K defined by

K:=dA- [*B (2.3)
where B is the Neveu-Schwarz two-form potential on M. The geometry of M is determined
by the superembedding. The derivative of f is the superembedding matrix E AA defined by

B4 =E;Mo=MEyA (2.4)

where Ep 4, Ea™ denotes the supervielbein and its inverse. We shall use two real fermions
of the same chirality to describe the odd coordinates of M ; accordingly, the preferred basis
forms are written E2 = (E“!, E*2). We now impose the following constraints on the
superembedding matrix:

El=0 Elb =t
ESM =u.” B =ho u P
E =0 EJ? = hy"u,? (2.5)

where u,” is an element of Spin(1,9) with corresponding Lorentz group element (uy2, uq2).
In fact, the primed indices denote indices normal to M in M, but note that there are no
primed dotted indices. The primed spinor indices are no different to the unprimed ones as
far as representations of the spin group are concerned and there is no need to distinguish
them. The above constraints are the direct analogies of the abelian ones; the main one
is the first, E,% = 0, since the others correspond to choices. The field he” is related to
the field strength of the gauge field, while h,”" is essentially the bosonic derivative on the
brane of the transverse fermions. In addition we choose

Edg = hdc/ule; Edﬁl = 0; Ed62 = hdﬂ/u,y/’g . (26)
The fields hd“l and hdo‘, can be thought of as the derivatives of the transverse bosons

and fermions respectively with respect to the boundary fermion variables. There are also
constraints on the gauge field strength tensor K. These are:

K, b = F, b
K — a a
w={5
Kyp =0
Ky =045 (2.7)



The first of equations (R.7) is a direct generalisation of the abelian gauge field constraint
for a single brane [14] while the others have the effect of excluding unphysical degrees of
freedom. The requirement that KaB be non-singular is necessary in order that the abelian
field strength should be equivalent to a non-abelian gauge-field (on M) when expanded in
powers of £. Equation (2.7) can be written more succinctly as

K=I+F, (2.8)

where

1
F = 5EbEafab, (2.9)

and where Z is the unit two-form in the dotted sector,
7= rEipes . (2.10)
9 ap
The details of the induced geometry on M are determined from the torsion equation,
2V 1E5 S+ T7..0E.C = (~1)B+BAp B AT, C (2.11)
and from the Bianchi identity for K,

D
3V[2K§6} +3T[2§ KHA)'@ = —HEAG (2.12)

— _(_1)(B+§)A(_1)(C+Q)(A+B)E6QE§§E2AHM ]

In (R.13) the vertical bars indicate that the enclosed index is excluded from the graded
antisymmetrisation.

In order to solve these equations we need to specify the constraints on the IIB target
space geometry [[[§]. In the string frame we may take

TE = —%Eﬁani(;ij(’yg)aﬁ

7

H=—-
2

ESEPTE“ (0%)i5(e)ap + %EQEQEQHG_M . (2.13)
Here i = 1,2 is a Spin(2) index and ¢ is the third Pauli matrix. There are other
constraints which we shall not need, although, as shown in [[[§], the equations of motion of
IIB supergravity follow from the standard constraint on the dimension zero torsion.
In order to discuss the Wess-Zumino term in the action we shall also need the RR field
strengths, G?"+Y n =1,...5, which are given by [, [g]

G(2n+1) — Z-ef¢E,6’2Ea1 (,Y(anl))aﬁ _ 6745 (Eal (W(Qn)v2¢)a o (_1)nEa2(7(2n)v1¢)a>

+—L _Emen . pug

(2n +1)! @y-opi? (2.14)

where

1
v(r) = FEQT o EMYg (2.15)



2.1 The field h,”

Using the constraints K4p = K_z = 0 in the (aﬂa ) component of the K Bianchi identity
(2.12) we find

D
Top” Kpg = _Haﬁé' (2.16)

Using the form of the generalised superembedding matrix (B-5) in the («/3)%-component
of the torsion equation, (), we have

TosCEl + Top B4 = —i(v¢ + hyeh)yp . (2.17)
The projections along the wordvolume and normal directions respectively give
Tog® = —i(y" + hy"hT)as (2.18)

and
Tog hy® = —i(y" +hy* h o (2.19)

These two equations, together with (R.16), give
i+ hy A" ) apFae = Hape (2.20)

and .
Hop:6hs" = i(v% + hy® B ) - (2.21)

The (aﬁé) component of the pull-back of H, from (2.13), is

H, 56 = —iBg*(Ye = hychag (2.22)

so that the equations for A become
Far(V’ +17°h )ag = (o — hyahag
hs® 50nY (v — ey h ) ag = (7 + hy” W )ag (2.23)
Defining the antisymmetric matrix
MY = §0h Y (2.24)
and rearranging we get
MY = (1= F) 7+ e
Wy BT = =y (1= M) (1 + M),” (2.25)
The solution to these equations can be written as

h=hhi Vs (2.26)

where
1

o+ = et (2:27)



and where h)| and h are spin transformations corresponding to the Lorentz and orthogonal
transformations

L = ((1=F) 1+ F))" €SO(Lp)
Lo” = (1= M)7' (1 + M))o” €S09 —p), (2.28)

which are written in the so-called Cayley parametrisation. They are given by [

1 1
h” = & <—fab’}/ab>
—det (n+ F) 2
1 1 1
hy = —— B =My ) 2.29
T /det L1 M) (2 “’) (2.29)

where the “antisymmetrised exponential” is defined by
abry Z Xa1b1 o anbn a1b1~~~anbn . (2.30)

It is not hard to show that h can also be expressed as

1 1 o
h = KA N KA a1bi-anbn , 231
—sdet (n+ K) nzzo 2npl @b anby T(p+1) (2.31)
where v; := FE;%y, and where the superdeterminant is taken over the subspace spanned

by (E%, E%). Note that ¢ indices are raised and lowered by means of d, and not by 7. &b
where 7 is the metric induced from the bosonic target space metric,

N5 = EEQF@%@ . (2.32)

Since E,% = 0 this metric is the non-vanishing part of the pull-back of 74, onto the whole
of the tangent space of M.
For future use we note that the gamma-matrix structure of h and (h?)~! is

B ST a2
~ = P ) (2.33)

where ~/ denotes matrices with primed indices and where, in the second line, the tilde
denotes the index structure is (7)%3. In general we shall not distinguish the two types of
gamma matrix except where it is useful for clarity.

2.2 Some useful torsion components

We record here some components of the torsion tensor which will be used in the proof of

kappa-symmetry. For completeness we reproduce (P.1§):

Top® = —i(v* + hy°hT) 5 . (2.34)



From the (a35) component of the K Bianchi identity we find

Tapy = —Hapy
= Tapy = iB55(Ye — eh" )ap
= i(y5 — hyyhag - (2.35)

Using the (ab)¢ component of the torsion equation projected along the worldvolume we
find

Tos® = iha” (1)yshe” = i(h7 ho)a - (2.36)

The other relevant dimension one-half torsion can be found from the (aﬁﬁ) component of
the K Bianchi identity (R.12); it is

Top5 = —iEtha (Y)yshs)” = —i(hyghs))a (2.37)

where we have used a choice of connection to set Ta[ﬁ'»ﬂ = 0. We shall also need the
fermionic derivatives of F;. and N The former can be found from the (abc) component
of the K Bianchi identity together with (2.34),

VaFoe = 2i(h7dh[b)a(nc}d + fc]d) ) (238)

while the latter can be computed using the definition of Ngs and the (aB)Q component of
the torsion equation, along with () which allow one to find VaEﬁg. A short calculation
yields

Vaigs, = i(1+0)15° (hyshsp)a — i1 =) (hysyhs)a - (2.39)

3. The action

In [ we presented the Dirac-Born-Infeld and Wess-Zumino terms in the action for a set of
coincident bosonic branes in terms of standard superspace integrals over the supermanifold
]\/4\0. However, it turns out that the superspace integration formalism of Bernstein and
Leites is much more suitable for this task [1J]. Bernstein-Leites integration has been used
previously in a string theory context; see, for example, [0, RI|. The idea is that, instead
of integrating over Z\/I\o, one should integrate over HTZ\/ZO where II denotes Grassmann
parity flip in the fibres of the tangent bundle T]\/I\O. That is, one integrates over (z,&) and
(dz,d€) where d¢ (dx) are regarded as even (odd) variables. The integrands are pseudo-
differential forms, that is, inhomogeneous forms which can involve arbitrary functions of
the even variables. The integral over dz is given by the standard Berezin rules and therefore
projects out the top form in dz, while the integral over df is a formal version of a standard
integral. In the D-brane case it turns out that this part of the integration is Gaussian
and easily computed. As we shall see it gives rise to the contraction of forms with the
matrix commutator of the non-abelian transverse coordinates which appears in the Myers
WZ term.



The basic integration formula we shall need is the following: let y" be a set of ¢ real
commuting variables and A a real, symmetric, invertible ¢ X ¢ matrix, and let P(y) be a

polynomial in y, then

/ dy e 3 AT UP(y) = 34 P(y)], (3.1)

where i 4 denotes the differential operator A"90,Js and where we have absorbed the square
root of the determinant of A and factors of 7 into the normalisation of the integral. In
particular, if A is the unit matrix and P is homogeneous of degree 2n,

1
= um__mnyr1 oyt (3.2)

this formula picks out the multi-trace of P, given by

1
[ ) = s g
1 T1...72n
= il Py ran (3:3)

The action will take the form of a Bernstein-Leites integral on ]\/4\0 of a pseudo-differential
form on the same space. However, in the supersymmetric context it is more convenient to
think of the action as a pseudo-form on M, bearing in mind that it is to be pulled back to
My before evaluation of the integral. If we regard My as being embedded in M then E¢
and E% will pull back to e® and e® respectively while E* pulls back to both of them,

E® = %, + ey on M . (3.4)
3.1 The DBI term
The Dirac-Born-Infeld pseudo-form is

Lppr = e 7e %1 Lo (3.5)

where £(, 1) is the bosonic volume form,

1
E(p+1) = (p+ 1)

and where Lg is the Dirac-Born-Infeld function,

Ly := /—sdet(n+ K) . (3.7)

The superdeterminant here is understood to be over the subspace spanned by E%,

sdet(n + K) = det (e + Fup)det _1(5a5 + Nag) - (3.8)

B+ E%ey ol (3.6)

It is trivial to carry out the integration over dx and d§; we find

/ Dz D¢ D(dx) D(d€) Lppr = / Dz D¢ D(e*) D(e?) sdet e Lpgr

= / dz d¢ sdetee™® \/m, (3.9)

where the final expression is a standard integral over ]\//_70. It agrees with the one given

in [}, except for the dilaton factor which was omitted there.



3.2 The Wess-Zumino term

The Wess-Zumino pseudo-form is given by
Lwy =e KC (3.10)

where C' is the sum of the RR potentials pulled back to M. Notice that we do not have to
project out a particular form component as the integral takes care of this.

When we pull-back Lz to ]\//_70 it will give rise to a pseudo-form of the type e Zw where
w has (p+1) even indices and 2n odd indices (since any other terms would integrate to zero).
We therefore have to evaluate integrals of the form [ Dz D€ D(e®) D(e%) sdet e e Lwp 1 25
The integrations over e and e® are easily done and we get

/ Dx D¢ D(e”) D(e) sdet e e ™ wpi 1.9, = —/ dx d€ sdet e P +1 (e%i5w> ,

al...(lp+1
(3.11)
where
(i5w0,2n) 5.z = 0N 2 Way i - (3.12)
The Wess-Zumino part of the action is therefore given by
/ Dx DE D(e®) D(e%) sdet e Lyyz = — / dx d§ sdet e g+ <e%i5e_fC>
al...ap_H
(3.13)

This is our final expression; it is similar to that given in [B] except that it is written in a
frame basis rather than a coordinate one. As such it is manifestly covariant with respect
to diffeomorphisms of ]\/4\0 whereas it took some work to show that the coordinate version
has this property. A proof of the equivalence of the two is given in [[J]. It is easy to
see how the terms involving higher rank forms appear, however. For example, consider a
(p + 1,2)-form w of the type appearing in the integrand of (B.13). If we consider w as a

—

form on M pulled back from M we have

. 1 2
R (p + 1)! Bt E% 5aﬁwa1...ap+1o'z5
1 !0
= o 1)'E(117+1 ~ pa b ub/buc/éwalmawl@ ) (3.14)

We can think of MY as being essentially the Poisson bracket of the transverse coor-
dinates which will become the commutator after quantisation. In this way we see that the
Myers interactions in the WZ term arise very naturally.

4. Kappa-symmetry

One approach to kappa-symmetry for single branes is to note that both the DBI and WZ
terms can be obtained from a closed (p + 2)-form W := (e=7 G),42, where G denotes the
sum of the RR field strengths, on the super worldvolume M. It is obvious that W = dLwyz,



where Lywz = (e=7C )p+1 for a single brane, and it can be shown by cohomological methods
that W is exact, in fact that W = —dLpgy. It therefore follows that

L := Lppr + Lwz (4.1)

is a closed (p + 1)-form on M. One can therefore use “ectoplasmic” integration [RJ] to
obtain an action which will be invariant under local (i.e. kappa) supersymmetry [23, B4;
this is given by

/ 6m1...mp+1£mlmmp+l(x’ 9 — 0) , (42)

where the integral is taken over My, the bosonic worldvolume of the brane. If we now make
a supersymmetry transformation on M, i.e. an odd diffeomorphism with parameter k%, we
find

0L = ixdl 4 d(ixL) = d(ixL) . (4.3)

Evaluating (f.J) at 6 = 0 and applying it in the variation of (.9) we get the desired result.
Kappa-symmetry is essentially local supersymmetry on the super worldvolume; the usual
kappa parameter is defined by

RS = KBS (4.4)

evaluated at 6 = 0.
This construction can be extended to the non-abelian case in a more or less straight-
forward manner. We shall show directly that

—dLpg =~ W =e K@ (4.5)

where the modified equals sign indicates equality up to terms that vanish in the Bernstein-
Leites integral. Since the generalisation of the “ectoplasm” construction is straightfor-
ward, establishing (.§) will be sufficient to prove kappa-symmetry. Note that the kappa-
symmetry parameter in this case will depend on £ as well as x; in this sense we have
non-abelian kappa-symmetry as well. In fact, we need only consider terms with at least
one factor of £ since such a factor is needed to contract with x.

We begin by evaluating dLpgr. We have

1
de(pa1) = HE% BT, g

12

1 1
HEGP oo Eal <§EﬁEaTaﬁc ‘|’ EbEaTabc> 5ca1...ap ) (46)

where in this equation, and for the rest of this section, the ~ sign indicates equality up to
terms that either integrate to zero or which do not have at least one factor of E*. Making

use of (.34) and (2.36) we obtain
7: (63 a - a - (63 a
de(pr1) =~ —§eaE5E (Y (R + hy")hT o + ieps1) B (B ha)a (4.7)

where

1
Eq 1= HEbp . Ebleabl---bp -

,10,



Let us now consider the derivative of the e factor. It is easy to see that
dI = E'T;
~ LpipsEeT,, 4 EYECECT 1
~1 s+ 54 (1.9

where the other terms in 77 have been dropped because they will not contribute to the
intggral of ixdLppr. (We remind the reader that dotted indices are raised or lowered using
5% or &, 5-) Using the expressions for the torsion is (.35) and (B.37) we find

dT ~ %E*EﬁEa[(%(h*)T — hys)h g — z’E"YEBEO‘(hWhB)a . (4.10)

When we integrate over E® the second term will give rise to a contraction between the
[ and % indices in the last factor, so that we can replace (4.10)) by

T ~ %EﬁEﬁEa[(%(h—l)T — 1) Jap — iE* (17 R - (4.11)
We also need to evaluate the derivative of Ly. We have
o = 5 LoB* (((n+ F) ) Vaie — (14 1) ) an,) (4.12)
With the aid of (£.3§) and (B.39) we obtain
((n+F))VaFpe =i (—(hvaha)a + (h’Yahb)aLba> : (4.13)

where Ly, is given in (R.2§), as well as

(14 m) )PV ang, =i ((hfyﬁhﬁ)a . (mﬁhﬁmﬁ)a) , (4.14)

where
L = (14 m)a (1 —m)™)" . (4.15)

This L is an element of SO(q), where ¢ is the number of fermions. Since

hyah" =" Liq (4.16)
we have
hya L = A2 (b~ 1T . (4.17)
We can also show that _ .
hya LPS = =48 (h~H)T (4.18)

This can be seen as follows: we have
hyah” = he™ hygh”
— —hs" 2" Lyw
= —ha" W1+ M)A = M) Hyw . (4.19)

— 11 —



On the other hand
ha® My = haa,hga/fsmhw
= 0"y - (4.20)

It is then a short step to verify ([.1§).
Combining all the above results and taking into account the dilaton factor in Lpgy we
finally arrive at

dLppr =~ %LDBIEO‘( — 2V + i[(hy*ha)a + 7 (A1) ha)a] (4.21)
+il(hy*ha)a = (Y (1) ha)a))
2 e T LB B (el () 4 by g
+€(p+1)Ed[(’Yd(h71)T — hya)h" o) -
We now turn to the Wess-Zumino form. We begin by proving that
e e K 27(2”) ~ —Lpgih (4.22)

Consider the terms in the Lh.s. of (1.29) which involve F™ and which have (p + 1)
factors of E®. If we set n =k + [, where 2m + 2k = p + 1, then we get terms of the form

(=)™ 1 R :
(e ¢2TmEa2m. .. Ealfal...agm mEka . Ebl’)’blmb2k @Eam e Ealfydl...dgl s

(4.23)
where
Far.azm = Flarag - - - Fagm_1a2m] - (4.24)
Using
Efrtt B = gttty (4.25)
and the duality relation
aj...a2m _ (_1)m a1...ap+1 4 26
v ry(p‘f‘l) - (p+ 1— 2m)| 7@2m+1...ap+1 ( . )
we find that the first two factors in ([£.23) give
1 at...a2m
“E(p+1) 2mm|’y fal...an’Y(p—l—l) . (427)

When we integrate the third factor in (.2) over E%, taking into account the presence of
e L in W, we find

. 1 . 1 .. o
_T -
/ D(Ea) e —(QZ)!Ea2l .. -Ea17d1...dzz = ﬁéalaQ o6 1a2l7d1---0'é2l
1 ah ...al
= o Mo (4.28)

- 12 —



where
M .,

afay = Migjay - (4.29)

'Malzl—la/zz} ’

Putting all this together, summing over all terms of the type of (.23) and recalling the
series expression for h we indeed find ([£.29). When the first index on ~(27) is a superscript,
a similar calculation yields

e e "FOM ~ Lpg (b7 (4.30)

We can now show that the terms involving V¢ in W sum up to give the corresponding
term in —dLpgr. The relevant term in W is

—e %K <EO‘1(’Y(2")V2¢)a - (_1)nEa2(’Y(2n)vl¢)a> =
~ —ete KR ((7<2">v2¢)a - (—1)”(h7(2")V1¢)a> . (4.31)
Using the facts that
(_1)n(7(2n))a6 = (7(211))6047 (4.32)

and V, = E,*V, together with (E23) and (f.30) we indeed see that this term gives
LppiE*V ¢ as required.
The remaining terms in W we need to consider, when pulled back to M, have the form

ie ?e K™ (Em/? + E°hS + Emﬁ) (v D)y - (4.33)
The easiest term to deal with is the one involving h,”. We have

— 1 a n
Eoy2n-1) — _5[7 pMCl (4.34)

Using this, (f:22) and ({.30), we easily find that these terms give

2 Lop((Iha)a + () ha)a), (4.35)

which is what we needed to show. Now consider the term involving hﬁﬁ. We shall compute
this directly. The terms that involve F™ will require 2k factors of E% from v~ where
2m 4 2k = p + 1, as well as an odd number, say 21 + 1, of E% terms. The E® contribution

is the same as ({.27). The E% contribution comes from terms of the form

1

mEa2z+2 o Em’Yo‘q...deh

(4.36)

Qo142

After integration this gives

1 4 5
TR YN E L hs? . (4.37)

Writing %{1__.01215 = %{%21...@2[,75}, using the multi-trace to convert the dotted indices to
primed vector indices, and summing all such contributions we find

s LoBtE” (b hae — (r(h™)haa) (4.38)
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which matches minus the third term in the first line of ({.21]). Finally, we need to examine
the terms with E*E®. Since E? pulls back to both e’ and ¢ there are two contributions;
the former will require an odd number of factors of E® to be selected from v2*—1) while
the latter will require an even number. In both cases the calculations are very similar to
the ones we have already done. The term with an odd number of E%s will give rise to a
total of p of them when combined with the F terms and thus gives rise to a factor g,. It
is not difficult to verify that it gives precisely minus the first term on the second line of
(B.21)). The other term is also easily calculated. It gives

i — &
SLosE e’ (V4 (h7)T = hy™)hT) 5 (4.39)
This should match minus the second term on the second line of (f£.21)). This is
i - _
§LDB1EO‘E5EO‘ ((a(h™)T = hya)h") o5 - (4.40)

In this expression we may replace EP by 6764/3 , and then the integral over D(e%) forces a
contraction between the 4 and & indices. Thus we obtain ({.39).

This completes the proof that i, W ~ —i.dLpp; and shows that the action f (Lppr +
L) is indeed kappa-symmetric.

5. Discussion

In this paper we have constructed an action for coincident D-branes using the boundary
fermion formalism in the classical approximation. As we argued in our previous papers,
naive quantisation of the fermions after going to the physical gauge leads to the Myers
action (in the bosonic sector) with the integral over the fermions replaced by the sym-
metrised trace. Myers started from the non-abelian generalisation of Born-Infeld [R3,
and deduced the form of the scalar terms, in the physical gauge, by demanding T-duality.
He also used T-duality as a guiding principle for his construction of the WZ term. Similar
results were independently derived from matrix model considerations [[[0], [(1]]. It is known,
however, that this action and its supersymmetric generalisation proposed here, is not the
full story; see, for example [, B§]. There have been various attempts to derive these
corrections systematically, including the stable bundle approach [R9], direct attempts to
construct non-commutative differential geometry [BQ-pBd] and others [B4-Bg]. It would
certainly be of interest to try to develop the boundary fermion formalism further to see if
contact can be made with these ideas.

The main achievement of the current paper is the supersymmetrisation of our action
for bosonic branes. This was made much easier by the use of Bernstein-Leites integration;
the action given here also has the virtue of being manifestly covariant under all of the
relevant symmetries, with the exception of kappa-symmetry. However, the proof of the
latter, as we have seen, is very similar to the proof of kappa-symmetry for a single brane.
It is interesting to note that the kappa-symmetry parameter depends on the boundary
fermions and thus becomes matrix-valued when they are quantised. This is in accord with
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the ideas of references [i(, [i]. Other attempts to supersymmetrise non-abelian brane
dynamics have usually assumed that there is a single kappa-symmetry. These include su-
persymmetric Born-Infeld actions [, [[]], studies of higher-derivative component actions
in ten-dimensional Yang-Mills theory [[4], investigations of N = 4, D = 4 higher-order
actions in superspace [ig], N = 4, D = 4 terms from N = 1 supergraphs [ff] and attempts
to incorporate non-abelian terms in the superembedding formalism |7, i§]. There is a
possible intermediate gauge choice we could make which would be to fix the non-abelian
worldvolume coordinate and kappa-symmetries leaving one kappa-symmetry and one dif-
feomorphism intact; this could then lead to comparisons with the one-kappa approaches to
the problem we have just mentioned.
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